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CHAPTER II  

CITY FORMATION AND CITY SIZES 

 
Complexity generally increases more rapidly than realism in model building.   

Although we understand many of the principles governing city formation, we do not yet 
have a model which includes any large part of our knowledge of real cities and remains 
simple enough to work with.  We can, however, extend the basic model of Chapter I in 
several ways, and obtain interesting results. 

In a sense, the open and closed cities of Chapter I hang in mid-air.  We assumed 
either a given population or a given level of utility, without considering how that level 
came about.  If we are interested in how these variables are determined, we need a 
general equilibrium model of an economy containing cities, not just a model of a single 
city.  In this chapter we explicitly introduce a rural sector spread over on a featureless 
plain.  The rural sector produces an agricultural good which is consumed by 
households in both the rural and urban sectors.  Circular cities producing an urban 
good are sprinkled about on the plain. 

In Chapter I we assumed that commuting is costly.  The commuting costs and, in 
fact, transportation costs in general work against city formation.  Concentration of 
production, for example, requires the transportation of products, workers, and material 
inputs.  To obtain cities in our model, therefore, we must assume that the concentration 
of economic activities results in a technological advantage which at least exceeds the 
transportation costs incurred.  Otherwise, production will take place where there are 
consumers, and the consumers, who find no advantage in working together, will spread 
out evenly to take advantage of all the available land. 

Cities will arise in our model if we assume any or all of the following:  

1.  concentration of immobile factors 
2.  increasing returns to scale or indivisibility 
3.  externalities or public goods. 

Cities arising from concentrations of immobile factors are relatively easily 
modeled, although we only mention them here.  Given an immobile and concentrated 
factor, like a coal bed, industries which use the factor, such as mining, locate at that 
point.  Industries such as steel, which use the primary product intensively, tend to 
locate nearby to save transportation costs.  Others which are related and a retail sector 
follow for the same reason.  The neoclassical model can describe such a city: there is 
convexity in production technology, and there are no externalities, and therefore the 
market mechanism can achieve an optimal allocation.1  A concentration of immobile 

                                                 
1 As discussed in Chapter I and Appendix I, there is a concealed nonconvexity in residential land use 
models, since a household can choose only one location.  The nonconvexity, however, does not affect 
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factors, however, can produce only a relatively small city, and does not seem to be an 
important cause of modern cities. 

We will first examine cities that arise from economies of scale.  Economies of 
scale are prevalent in modern technology and result from such things as the division of 
labor and the indivisibility of such factor inputs as machinery and buildings.  If the 
reduction in production costs due to scale economy is greater than the increase in 
commuting costs, a city will emerge.  Such a city is basically a factory surrounded by 
the residential zone of its workers and may well be called a ‘factory town’. 

Modern cities are, however, too complex to have resulted from simple economies 
of scale.  Why should industries gather in a large city, where the commuting costs for 
each are greater than they would be in a single industry town?  The answer is that 
industries find it profitable to gather together for a variety of reasons : communication 
costs and transportation costs of intermediate inputs can be saved; there is a larger pool 
of skilled labour to draw on, for example, and a more sophisticated infrastructure 
including transportation facilities.  In order to capture these elements in a simple 
model, we assume a variant of Marshallian externality.  We assume externalities 
among firms in a city, rather than among firms in an industry: all firms in a city are 
assumed to benefit from an increase in the population of the city.  This assumption 
introduces the possibility of a city cons isting of many firms by allowing increasing 
returns to scale which are internal to a city but external to the separate firms in a city. 

We assume identical cities in both the increasing-returns-to-scale and the 
Marshallian-externality cases.  This assumption allows us to obtain clear-cut results, 
but obviously fails to capture the complexity of the system of cities in the real world.  
In the last part of this chapter we discuss some possible extensions of the model, and the 
associated difficulties. 

One of the major theoretical issues we try to analyze in this chapter is whether the 
decentralized market system can achieve the optimal allocation of cities, especially the 
optimal city size.  If it cannot, we want to know how to correct the misallocation.  It 
is well known in Welfare Economics that competitive equilibrium is not usually Pareto 
optimal in the presence of increasing returns to scale or externalities: there is almost 
always room to make somebody better off without making any others worse off.  
Although the result holds in our model, it is possible to describe an institutional 
arrangement that leads to optimal allocation. 

The major difficulty in achieving an efficient allocation of an increasing-  
returns-to-scale industry is that the average cost always exceeds the marginal cost.  
Since an efficient allocation requires that the price be set equal to the marginal cost, the 
total revenue does not cover the total cost and the profit of a firm is negative.  It is 
difficult to give such a firm a subsidy to cover the loss without destroying the incentive 
to minimize costs. 

It turns out, however, that the loss of an urban producer equals the aggregate 

                                                                                                                                               
the optimality of competitive equilibrium. 
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differential rent (the competitive urban rent minus the rural rent) of a city when the 
number of cities is optimal.  This suggests that the optimal allocation could be 
achieved by a system of land developers.  In each city an urban producer would lease 
all the land necessary for a city, including the residential area, from the rural landlords 
at the rural rent; sublease it to households at the competitive urban rent; and maximize 
differential rent plus profit.  We will show that this arrangement does achieve the 
optimum allocation. 

The optimal allocation of an economy with externalities requires Pigouvian 
tax-subsidies: agents that induce external costs or benefits for other agents must pay 
taxes or be given subsidies.  In our model the population of a city gives external 
benefits to urban producers, so urban residents must be given subsidies.  A relationship 
similar to that between the profit and the differential rent in the increasing returns to 
scale case holds with respect to the Pigouvian subsidy and the differential rent: at the 
optimum number of cities the aggregate Pigouvian subsidy equals the aggregate 
differential rent.  This might seem to suggest that the optimal solution can be attained 
through the market if city governments return the differential rent to city residents as an 
equal social dividend.  Unfortunately, this is not true.  Though the optimal solution is 
indeed a market equilibrium under this institutional arrangement, city sizes greater than 
the optimum can also be equilibria. 

1.  The Model 

The basic model of Chapter I becomes a simple general equilibrium framework 
when the rural sector is explicitly introduced.  Consider a flat and fertile plain over 
which the rural sector is spread out.  Circular cities are sprinkled about on the plain as 
in Figure 1.  The plain is so large that the cities do not overlap. 

 

 

Figure 1.  The Spatial Configuration of the Economy 

We will imagine that each city consists of a business and production core 
surrounded by a residential zone.  For the sake of simplicity, we will assume that 
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urban production takes no space and no materials, so that only labor enters the 
production function.  As before, households are identical, and each household has a 
single worker who commutes to a job at the center.  We use the words 'households' and 
'workers' inter-changeably, and the number of households is treated as the population.   
Commuting involves transportation costs but we assume that both urban and rural goods 
can be moved costlessly. 

The production function of an urban firm is  

 ),( cPf l ，                          (1.1) 

where l  and cP  are respectively labour input to a firm and the population of the city.  
We assume that all firms are identical.  If the number of firms is m, the total 
production of a city is  

 ),( cPmfY l= ，                 (1.2) 

where 

 
l

cP
m = .            (1.3) 

Until section 5 we will assume that 0),( =cp Pf l  so that firms gain no advantage 
from increased population.  Since grouping firms will result in higher commuting 
costs, there will be only one firm in a city.  In this case the aggregate urban production 
function, )( cPF  and an individual firm's production function will be identical: 

 ),()( ccc PPfPF ≡ .         (1.4) 

The production function is differentiable, with a positive marginal product.  In order to 
allow for the possibility of increasing returns to scale, we do not impose the condition 
that the production function be concave. 

We assume that the rural sector produces some complete and useful product, say 
soy beans, and that it has constant returns to scale.  The aggregate production function 
of the rural sector is 

 ),( aa HPG ),        (1.5) 

where aP  and aH  are respectively the aggregate labour and land inputs.  We 
assume that the production function is concave, homogeneous of degree one, 
differentiable, and that it has positive marginal products. 

Goods produced by rural and urban sectors are called the rural and the urban 
goods respectively.  Both goods are consumed by households.  All households have 
the same differentiable, quasi-concave utility function, 
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 ),,( hzau ,    (1.6) 

where a, z, and h are respectively the rural good, the urban good, and land for housing 
and where all goods are assumed to have positive marginal utilities. 

The number of cities is denoted by n.  For simplicity, we assume that all cities 
are identical, and we use the same notation for all cities.  Since all cities have the same 
technology, and all households are the same, the assumption can usually be justified 
when the number of cities is large enough. 

All cities are circular, and the amount of land available for housing between x  
and dxx +  from the center is xdxdxx πθ 2)( = .  As the production does not require 
land, the residential zone stretches from 0  to x .  The consumption of land for 
housing is constrained by 

 )()()( xxNxh θ= ,      xx ≤≤0 ,     (1.7) 

where dxxN )(  is the number of households which live between x  and dxx + , and 
)(xh is the lot size of a house at x . 

The total available land for the economy, H , is divided between cities and rural 
areas.  The rural sector uses land both for production and for housing the rural 
workers.  The land constraint for the entire economy is 

 aa HhPdxx
x

nH ++= ∫ )(
0
θ ,  (1.8) 

where h denotes the consumption of housing by rural residents.  Note that, if h appears 
without the argument x , it denotes consumption by a rural resident.  This distinction 
in notation will be used consistently.  Implicit in constraint (1.8) is the assumption that 
the total available land is large enough to preclude overlapping of city areas. 

Transportation requires many different inputs, but for the sake of simplicity, we 
assume that only the rural good is consumed in commuting.  We continue to assume 
that goods, urban and rural, can be transported costlessly.  The market clearing 
conditions for rural and urban goods are respectively 

 [ ] aPdxxNxtxa
x

nHPG aaa ++= ∫ )()()(
0

),( ,   (1.9) 

 zPdxxNxz
x

nPnF ac += ∫ )()(
0

)( ,    (1.10) 

where )(xz  and )(xh  are the urban consumptions of urban and rural goods, and z  
and a are the rural consumptions.  Commuting costs, )(xt , for a city resident at x  
satisfy 
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 0)0( =t .       (1.11) 

The labour force in a city is assumed to equal the number of households living in 
the city: 

 ∫= dxxN
x

Pc )(
0

.       (1.12) 

The population, P, of the whole economy, which is assumed to be given, is divided into 
urban and rural sectors: 

 cc PnPP += .     (1.13) 

2   A Fixed Number of Cities 

We first derive the optimal solution under the assumption that the number of cities 
is exogenously given.  As mentioned above, in this and the next two sections we 
assume that the marginal effect on production of increasing the population of a city is 
zero: 0),( =cP Pf l .  Firms gain no advantage having other firms in the city, therefore, 
and each city has only one firm.  The cities which we consider are based on economies 
of scale which are internal to the firm: ll /ff > .  Since l=cP  for a single firm 
city, our notation can be simplified by using the aggregate production function, )( cPF , 
and assuming 

 ccc PPFPF /)()( >′ .  (2.1) 

The utility level is maximized subject to the constraints (1.7)-(1.10), (1.12), 
(1.13), and the equal-utility constraints, 

 uxhxzxau =))(),(),(( , xx ≤≤0 ,      (2.2) 

 uhzau =),,( ,      (2.3) 

which require that all households receive the same utility level. 

The Lagrangian for this problem is 
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where control variables are )(),(),( xhxzxa , and )(xN ; control parameters are a, z, h, 
u, aP , aH , and x ; and )(xν , aν , cδ , aδ , )(xµ , µ , and γ  are respectively 
Lagrange multipliers for (2.2), (2.3), (1.10), (1.9), (1.7), (1.8), and (1.13).  Note that 

cP  is eliminated by substituting (1.12) into (1.10) and (1.13).  The Lagrange 
multipliers have basically the same interpretation as in Chapter I: )(xν  and aν  are 
weights attached to the utilities of different households to obtain equal utility levels; cδ  
and aδ  are respectively shadow prices of the urban and rural goods; )(xµ  is the 
shadow rent of land at distance x from the center of a city and µ  the shadow rent of 
the rural land; and γ  is the shadow 'price' of a household. 

The Lagrange multipliers express shadow prices in utility terms.  It is convenient 
to transform shadow prices into pecuniary terms.  Taking the rural good as a 
numeraire, we define acp δδ /= , axxR δµ /)()( = , aaR δµ /=  and as δγ /−= .  p 
is the shadow price of the urban good, )(xR  the shadow rent  at x, aR  the shadow rent 
of the rural land, and a the marginal social cost—the negative of the shadow price—of a 
household. 

First order conditions are immediately obtained by applying the result in the  
appendix on optimum control theory.  They become, after simple rearrangements, 

p
hzau
hzau

xhxzxau
xhxzxau

a

z
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z ==
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))(),(),((

,       xx ≤≤0 ,      (2.5a) 
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a

h = ,               xx ≤≤0 ,   (2.5b) 
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,    (2.5c) 

aH RG = ,                                            (2.5d) 
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hRpzasG aP ++=+ ,                              (2.5e) 

)()()()()( xtxhxRxpzxasFp +++=+′ ,    xx ≤≤0 ,    (2.5f) 

aRxR =)( . 

(2.5a)-(2.5c) are the usual conditions equating marginal rates of substitution to 
(shadow) prices.  Note that (2.5a) implies that all households have the same marginal 
rates of substitution between the urban good and the rural good.  This is an immediate 
consequence of our assumption that it costs nothing to transport either good. 

(2.5d) states that the value of marginal productivity of land is equal to the shadow 
rent of land.  From (2.5c), (2.5d) and (2.5g), rural households, rural producers and 
urban residents at the edge of a city all face the same shadow rent.  This condition 
implies that shadow rent varies continuously over space. 

The social cost, s, of a household must be the value of resources it consumes 
minus the value of its marginal product: 

pa GhRpzas −++=  

FpxtxhxRxpzxas ′−+++= )()()()()( . 

These yield respectively (2.5e) and (2.5f). 

If workers are paid the value of their marginal products, and if all prices equal 
shadow prices, a household must be given a subsidy which is equal to s in order to 
satisfy the budget constraint.  Because of the resource constraints, (1.9) and (1.10), 
however, the sum of the subsidies must equal the total surplus in the economy, which is 
the sum of the total rent and the total profit: 

 [ ] [ ]






 ′++++= ∫ FPFnpHhPRdxxxRn

P
l

s caaa
x

0
)()( θ . (2.6) 

If this optimal solution is decentralized using the usual price mechanism, an urban 
producer might incur a loss at the optimum, since we allowed increasing returns to 
scale.  In such a case the government must give the producer a subsidy equal to the 
loss.  If the subsidy does not weaken a firm's incentive to minimize costs, the price 
mechanism attains the optimal allocation.  Unfortunately, administering such a subsidy 
requires a prohibitive amount of information. 

These problems may not arise if the producer can act as land developer, collecting 
the residential land rent.  We consider this institutional framework in section 4. 

Of course, if the urban sector has decreasing or constant returns to scale, the urban 
sector earns a positive or zero profit, and hence a subsidy is not necessary.  In such 
cases, however, there is no reason to have cities, since by reducing city size 
transportation costs can always be reduced without raising production costs.  As will 
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be shown in the next section, the optimal solution with nonincreasing returns to scale 
requires that the urban sector spread uniformly over space. 

3.  A Variable Number of Cities 

When we treat the number of cities as an endogenous variable, it is convenient to 
assume that the number is so large that it can be safely approximated by a continuous 
variable.  Taking a derivative of the Lagrangian (2.4) with respect to n and substituting 
other first order conditions, we obtain 

  ∫ ∫ =−−′− .0)(
0

])()(
0

)([)( dxx
x

RdxxxR
x

PFpPPpF accc θθ  (3.1) 

The number of cities should be increased up to the point where an additional city 
has zero social net value.  The net value of an additional city is the value of the gross 
product of the city minus the costs of producing it.  The value of the gross product is 
pF .  The cost of producing it is the cost of supporting workers.  Workers consume 

the rural good, the urban good, and land: and they pay commuting costs.  The total 
social value of their consumption is 

 ∫ ∫+++ .)(
0

)()]()()([
0

dxx
x

RdxxNxtxpzxa
x

a θ , 

where land must be evaluated at the opportunity cost, aR , instead of the urban rent.  
This is not yet the social cost of supporting workers of an additional city.  Since the 
society incurs the social cost of a household, s, regardless of whether a household lives 
in the city or not, csP must be subtracted from the costs.  The net value of an 
additional city is then 

  ∫ ∫ =+−++− 0)(
0

)()]()()([
0

)( cac sPdxx
x

RdxxNxtxpzxa
x

PpF θ . 

Substitution of (2.5f) into this equation yields (3.1). 

If the number of cities is optimal, the population of a city is such that it minimizes 
the value of per capita consumption of resources, or the average cost of maintaining the 
utility level.  Otherwise, there is some other population level which achieves the same 
utility level with a lower per capita consumption of resources, and the value of 
resources used by the entire urban sector can be reduced by changing the population 
size of all cities while changing the number of cities accordingly to keep the population 
of the entire urban sector unchanged.  The resources saved could be used to raise the 
utility level, which proves that the allocation cannot be optimal.  Note that 
consumption of resources in this argument does not need to be modified by subtracting 
the social cost of a household. 

This observation facilitates another interesting interpretation of the optimality 
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condition.2  The net cost of maintaining the utility level is equal to the total city 
consumption, plus the opportunity cost of land, minus total production.  Expressed in 
terms of city population, the net cost is simply a total cost function, 

  ∫ ∫ −+++= .)()(
0

)()]()()([
0

)( cac PpFdxx
x

RdxxNxtxpzxa
x

PTC θ  

The per capita, or average, cost is 

ccc PPTCPAC )()( = . 

 

          Figure 2. Optimum City Size 

 

As illustrated in Figure 2, the average cost is minimized when it equals the 
marginal cost.  The marginal cost is the cost of adding a household to the city.  Since 
at the optimum the cost of adding a household must equal everywhere in the city, we 
may consider the addition at any radius.  Addition at the edge of the city is easiest 
because there is no ambiguity about whether the rural rent  or the urban rent expresses 
the value of land.  The cost of adding a household at x  is the value of consumption 
minus the marginal product: 

 ,)()()()()()( cac PFpxhRxtxpzxaPMC ′−+++=  

which, from (2.5f), equals the social cost of a household, s, and also equals the value of 

                                                 
2 This interpretation was suggested by Arnott.  Similar interpretation is published in Arnott (1979). 
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consumption minus the marginal product at any other radius when consumption of land 
is evaluated at the urban shadow rent: 

 ,)()()()()()()( cc PFpxhxRxtxpzxaPMC ′−+++=  .0 xx ≤≤  

Multiplying this equation by )(xN  and integrating it from 0 to x  yields 

 ∫ ∫ ′−+++= .)()()(
0

)()]()()([
0

)( cccc PFpPdxxxR
x

dxxNxtxpzxa
x

PMCP θ  

At the optimum the average cost equals the marginal cost, which implies equation (3.1) 
above. 

We can rewrite (3.1) as 

 

∫ −=′−− .)(])([
0

)]()([ dxxRxR
x

PFPPFp accc θ  (3.1') 

If factor prices are equal to the values of marginal productivities, the left can be 
interpreted as the operating loss of an urban firm.  Then (3.1') states that, in a single 
firm city the firm's operating loss is equal to the aggregate differential rent (the urban 
rent minus the rural rent) if the number of cities is optimal.  Using this equation, we 
can rewrite (2.6) as 

 PHRs a= , (3.2) 

which says that the social cost of a household equals the per capita rural rent. 

With constant or decreasing returns to scale, firms earn nonnegative profits.  By 
(3.1') the aggregate differential rent would be nonpositive at the optimum, implying that 
cities have simply vanished.  This is quite reasonable since smaller cities have the 
advantage of lower transportation costs with no disadvantage on the production side. 

If the urban sector has increasing returns to scale, bigger cities have the advantage 
of lower average production costs.  The optimum city size or the optimum number of 
cities is determined so as to balance the transportation costs and the benefit from 
increasing returns to scale.  (3.1) shows that this balance is attained when the loss of 
the urban sector equals the aggregate differential rent. 

By solving the problem of Section 2, the utility level can be obtained as a 
function, u(n), of the number of cities.  The second order condition requires that 

0
)(

2

2

≤
dn

nud
. 
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By the Envelope Theorem,3 dnndu )(  is equal to the partial derivative of the 
Lagrangian (2.4) with respect to n. 

 ∫ −+′−=
∂
Λ∂

= })(])([
0

][{
)(

dxxRxR
x

FPFp
ndn

ndu
aca θδ  (3.3) 

Hence, using the fact that the term with dnd aδ  vanishes by (3.1), the second 
derivative is 

 ∫ −+′−= })(])([
0

][{)(
2

2
dxxRxR

x
FPFp

dn
d

dn
nud

aca θδ , (3.4) 

which must be nonpositive at a maximum. 

The net benefit from an additional city is the sum of differential rent and profit.  
The optimum is attained at the point where the net benefit is zero.  In order to have 
maximum rather than minimum, however, the net benefit must be decreasing at the 
optimum, and the sum of the aggregate differential rent and the profit of an urban 
producer must be a decreasing function of the number of cities. 

The second order condition is usually satisfied if the degree of increasing 
returns to scale declines as a city becomes larger, because the aggregate differential 
rent is usually larger in a larger city. 

An important implication of this second order condition is that, if the aggregate 
differential rent exceeds the loss of the urban sector, there are too few cities.  Since 
cities tend to be larger when there are fewer cities, city size is likely to be too big in this 
case.  Notice, however, that this result is obtained under the condition that all variables 
other than the number of cities are optimally chosen.  If there is some distortion like 
monopsony pricing in the labour market, this condition is not satisfied, and the 
difference between the differential rent and a firm's loss does not serve as a signal of 
whether or not the city size is too big.  In the next section a paradoxical kind of 
monopsony pricing will be shown to exist at the market equilibrium of our model. 

4.  Market City Sizes 

As noted in section 2, a firm must be given an appropriate subsidy to achieve the 
optimal solution in a decentralized market system.  The result in section 3 shows that if 
the number of cities is optimal, the subsidy equals the total differential rent of a city.  
Thus the optimal solution can be decentralized by giving a firm a subsidy equal to the 
differential rent and distributing among all rural and urban households the rest of the 
rent (which equals the rural rent for the entire land, HRa ) as an equal lump-sum social 
dividend. 

                                                 
3 See Appendix III for the explanation of the Envelope Theorem. 
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There is, however, a way to achieve the optimal solution that does not require as 
much knowledge and action on the part of the government.  It turns out that the 
optimal solution can be achieved by allowing firms to lease the urban land including 
the residential area.  The entire available land is owned collectively by all households 
in the economy.  Rural producers and rural households rent the land and pay the rural 
rent.  An urban firm, acting as a developer of a whole city, also rents urban land at the 
rural rent, but subleases it to city residents at the competitive market rent.  Then the 
firm maximizes the sum of profit from production, which is usually negative, and the 
net rent.  Firms, like land, are owned collectively by all households, and profits are 
distributed equally among all households.  We show that such a system of 
urban-producers/ city-developers attains the optimal allocation, providing, of course, 
that the firms are perfectly competitive. 

The number of cities (and hence the number of firms) is assumed to be so large 
that a firm acts as a price and utility taker: since there are no transportation costs for the 
urban good, firms directly compete with each other in the product market, and a single 
firm cannot significantly affect the price of the urban good.  Under the assumption of 
perfect mobility, households move to the city where they can obtain the highest level of 
utility.  Faced with freely mobile households, a firm must make sure that its employees 
obtain at least the same utility level as they would in any other city.  This leads to 
utility taking behaviour as the number of firms becomes large.  Notice, however, that a 
firm does not take the wage rate as given.  Households decide to migrate on the basis 
of the utility level and not the wage rate.  As long as the utility level is not lower than 
at any other place, the wage rate can be freely chosen. 

A firm maximizes the profit on the entire development which is the revenue from 
the sales of its product, plus the land rent, minus the total wage bill, minus the total 
payment of the rural rent: 

 ∫∫ −−+
xx

acc dxxRwPdxxxRPpF
00

)()()()( θθ ,     (4.1) 

where w is the wage rate. 

Four variables, w, cP , x , and )(xR , are involved in this maximization problem, 
but the firm faces the constraints imposed by competition with other firms.  The 
maximum rent that households can pay, if they are to achieve the given utility level, is a 
function of their wage.  We can, therefore, reduce the problem to that of maximizing 
(4.1) with respect to the wage.  First, using the indirect utility function of households, 
we express )(xR  as a function of the wage. 

Since all firms and the entire land are collectively owned by all households in the 
economy, households obtain equal shares of profits of firms and the revenue from the 
rural rent paid by both the rural and urban sectors.  Then the budget constraint is 

)()()()()( xtxhxRxpzxasw +++=+ ,    xx ≤≤0 , (4.2) 

where s is the share of the rent and profit, and satisfies (2.6).  The following indirect 
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utility function is obtained as a result of utility maximization under the budget 
constraint: 

 ))(,),(( xRpxIv , (4.3) 

where )(xI  is the net income: 

 )()( xtswxI −+≡ . (4.4) 

Since the utility level, u, is taken as given, a firm maximizes profit under the constraint: 

 uxRpxIv =))(,),(( . (4.5) 

This constraint enables us to express )(xR  as the bid rent function, 

 ),),(()( upxIRxR = . (4.6) 

As in (I.1.14), we have 

 )(/1),),(( xhupxIRI = , (4.7) 

where IR  is the partial derivative of the bid rent function with respect to the net 
income )(xI . 

Substituting (4.7) and (4.4) into (4.1), we see that the firm's problem is to 
maximize 

 ∫ ∫ −++−−
x x

acc dxxupxtswRdxxRwPPpF
0 0

)(),),(()()( θθ  (4.8) 

subject to the constraints 

 ∫ −+=
x

Ic dxxupxtswRP
0

)(),),(( θ , (4.9) 

 aRupxtswR =−+ ),),(( , (4.10) 

where p, u, and s are taken as given since the firm is small. 

Now the population of the city can also be written as a function of the wage.  
Although the price of the product and the utility level are taken as fixed, the wage rate 
affects the supply of labour, because households will move to achieve the given utility 
level.  From (4.10), x  can be expressed as a function of w, and (4.9) becomes the 
following labour supply function, 

 ∫ −+=
)(

0
)(),),(()(

wx
Ic dxxupxtswRwP θ , (4.11) 

where s is given by (2.6). 
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Using this labour supply function we can demonstrate that firms have a kind of 
monopsony power despite the fact that they are competitive in the usual sense.  The 
slope of the 

supply curve is 

     ∫ ′+=′
x

IIIc wxxupxIRdxxRwP
0

)()(),),(()()( θθ  

          ∫ ′+=
x

II xtxNdxxR
0

)(/)()(θ , (4.12) 

where the second equality is obtained from (4.7) and 

 )(/1)( xtwx ′=′ . (4.13) 

Since IR  satisfies 

 [ ]upupxIRhupxIRI ,),),((/1),),(( = , (4.14) 

where ][h  is a compensated demand function for land, we have 

 0//),),(( 32 >−=−= hhhRhupxIR RIRII .           (4.15) 

Hence, (4.12) becomes 

 0)(/)()()/()(
0

2 >′+−=′ ∫ xtxNdxxNhhwP
x

Rc .  (4.16) 

Thus the supply curve of labour is upward sloping, and firms have apparent monopsony 
power in the labour market.   

Using the labour supply function (4.11), we can also reduce the problem (4.8)-(4.10) to 
maximization of 
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with respect to w.  The first order condition is  

 [ ] 0)()(),),(()()()()(
0
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x

Icc θθ  

   (4.18) 

From (4.10) and (4.11), this becomes 

wPFp c =′ )( . (4.19) 
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Thus, even though a firm faces an upward-sloping supply curve in the labour market, it 
behaves like a price taker and sets the wage rate at the level where the value of marginal 
product equals the wage. 

The reason is that when the utility level is fixed, the decrease in income of 
workers is fully reflected in a decrease in expenditures on land.  Thus the increase in 
profit caused by lowering the wage is completely offset by the decrease in land rent, and 
the firm behaves as if there were no monopsony gain. 

It now follows that all the first order conditions for the optimum are satisfied in 
market equilibrium: (2.5f) is obtained from (4.2) and (4.19); (2.5g) is equivalent to 
(4.10); (2.5a)-(2.5c) are the results of utility maximization of households; (2.5d) and 
(2.5e) result from profit maximization in the rural sector; and free entry insures equation 
(3.1), which states that the maximized profit (including differential rent) is zero in 
equilibrium.  Therefore, if the first order conditions are sufficient to characterize the 
optimal solution, the market equilibrium is optimal under the institutional framework in 
which a firm can act as the developer of an entire city. 

When firms cannot act as developers, however, a market equilibrium differs 
from the optimal allocation.  A firm maximizes 

cc wPPpF −)( , (4.20) 

taking the price of the product and the utility level of the workers as given.  
Households receive equal shares of profits of firms and the total land rent including the 
urban rent, and s is given by (2.6).  In this case, too, a firm has monopsony power in 
the labour market in the sense that it faces an upward sloping supply curve.  The 
labour supply function is given by (4.11).  A firm takes s as given in this case, as in the 
last. 

 The first order condition for profit maximization is 

 )(/)( wPPwPFp ccc ′+=′ .   (4.21) 

Free entry insures that the maximized profit is zero: 

 0)( =− cc wPPpF . (4.22) 

Multiplying (4.21) by cP  and subtracting it from (4.22), we obtain 

 [ ] 0)(/)()( 2 <′−=′− wPPPFPPFp ccccc ,   (4.23) 

which implies that market equilibrium occurs when the firm operates in the region of 
increasing returns to scale.  The profit is, however, zero, since by (4.21) a firm 
exploits monopsony power, and pays a wage rate lower than the value of the marginal 
product of labour. 

From (3.1), the optimal city size also occurs in the region of increasing returns to 
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scale.  Since market equilibrium and optimal city sizes are in the same range of the 
production function, observation about returns to scale cannot be used to determine 
which is larger in general.  It depends on the amount of monopsony power and the size 
of the aggregate differential rent.  In principle there is no reason why the equilibrium 
city size should coincide with optimum city size, and a city in which firms maximize 
profits but do not act as land developers has zero probability of achieving an exactly 
optimum city size. 

5.  The Marshallian Externality Case 

In the previous section scale economies were internal to the firm.  We now 
assume scale economy internal to a city but external to a firm.  Cities form because 
firms are more productive if they can draw on a larger population.  To capture this 
effect, we repeat the analysis of the previous sections with one change.  The 
production function of a firm is still 

 ),( cPf l     (1.1) 

but now we allow an increase in population to increase the firm's productivity: 

 0>Pf . (5.1) 

This version of the Marshallian externality can result in multi- firm cities, since 
the presence of additional firms is now an advantage.  If m is the number of firms, the 
total product of a city is 

 ),( cPmfY l=            (1.2) 

where 

 
l

cP
m = .            (1.3) 

We assume increasing average returns to labour when the firm is small, with a 
gradual shift to decreasing returns as l  increases. 

As in the previous case, we first consider the case of a L, fixed number of cities.  
The optimization problem can be solved in the same way as before, if (1.2) and (1.3) are 
substituted into the proper places.  The first order condition (2.5f) is replaced by two 
conditions: 

 llff = ,                      (5.2) 

)()()()()( xtxhxRxpzxasspf c +++=++l ,  xx ≤≤0 ,     (5.3) 

where 

 Pc pmfs =  (5.4) 
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(5.2) shows that the marginal product of labour equals the average product, and 
implies that firms operate under constant returns to scale at the optimum.  The 
optimum is attained in long-run equilibrium at which all firms operate at the bottom of 
the average cost curve since constant returns to scale hold when the average cost curve 
is flat. 

    From (5.3), the total value of household consumption equals the sum of the three 
terms on the left: the value of marginal productivity of labour; the value of the marginal 
external economy, cs , which an urban resident gives to the urban production sector; 
and the social dividend, s, equal for all households in both cities and the rural area.  
Therefore, a household must be given the Pigouvian subsidy, cs , in addition to wages 
and the social dividend, s.  A city resident gives external benefits to urban producers, 
and should be given a subsidy equal to the value of his marginal contribut ion to urban 
production. 

    Taking the number of cities as a variable now, the optimality condition becomes, 
after simple rearrangements, 

 [ ]∫ −=
x

acc dxxRxRPs
0

)()( θ . (5.5) 

Thus, at the optimum the total Pigouvian subsidy equals the total differential rent in a 
city.  As before, the equal lump-sum social dividend s is given by (3.2).4 

The optimal allocation is a market equilibrium in the following institutional 
setting.  All land is equally and collectively owned by all households in the economy.  
Residents in a city form a cooperative, or a city government, which rents all the land for 
the city at the rural rent.  Each household, in turn, rents land for housing from the city 
government, and pays the market-determined rent.  Since the urban residential rent is 
higher than the rural rent, the city government has a surplus revenue.  The surplus is 
returned to city residents as an equal subsidy.  It will be shown later that the optimal 
                                                 
4 It is easy to show that (5.5) is equivalent to (3.1).  From (5.2), we can express labour input to a firm as 
a function, )( cPl , of the population of a city.  The aggregate production function can then be written as 
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where the second equality is obtained from (5.2). Noting 

(1.3) and (5.4), we finally obtain 

 )]()([ ccccc PFPPFpPs ′−−=  

which shows that (5.5) is equivalent to (3.1). 
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solution is a market equilibrium under this institutional arrangement.  Unfortunately, 
however, the optimal allocation is not a unique market equilibrium.  A wide range of 
city sizes greater than the optimum can also be equilibria, and there is no reason to 
believe that the optimum is likely to be attained. 

This point can be illustrated in the following way.  If we specify the number of 
cities, a market equilibrium is obtained by substituting 

 [ ]∫ −=
x

a
c

c dxxRxR
P

s
0

)()(
1

θ  

and (3.2) into the first order conditions (2.5a)-(2.5e), (2.5g), (5.2) and (5.3).  Since the 
resulting population size is normally the same for all cities, we can consider the 
equilibrium utility level as a function,  )(* cPu , of the population of a city.  For 
simplicity, the function is assumed to be single-peaked as in Figure 3. 

Clearly, city sizes less than *
cP , where the equilibrium utility level attains its 

maximum, cannot be equilibria.  If a household moves to another city, the utility level 
will rise in the receiving city, and fall in the city which has lost population.  Therefore, 
a household has an incentive to move to another city.  The receiving city would 
continue to grow at least until *

cP  was reached.  The losing city would eventually 
disappear. 

 

 

 

City sizes greater than *
cP , however, can be an equilibrium.  Households do not 

have an incentive to move to another city at a city size greater than *
cP  since an 

increase in the population of the receiving city would lower the utility there.  For the 
same reason they do not have an incentive to move to the rural area, either.  The only 
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way, therefore, to reduce the city size is to create a new city.  If we do not allow for 
coalition or entrepreneurship to form a large new city, all new cities must start from one 
firm.  In this case, a new city will not be formed unless the size of existing cities 
exceeds *

cP  by so much that the general utility level falls to that of a one-firm city.  

Therefore, the city sizes between *
cP  and cP  tend to remain the same. 

It is easy to see that the city size, *
cP , which maximizes the utility level among 

market equilibria coincides with that of the direct optimum.  Though the direct 
optimum does not have, among its constraints, the conditions for a market equilibrium, 
the first order conditions for the direct optimum include all the conditions required for a 
market equilibrium.  The two problems, therefore, must have the same optimum. 

Thus the minimum market city size coincides with the optimal city size when there 
is a Marshallian externality, and there is a strong tendency for market city sizes to 
become too large.  This result suggests that government intervention is necessary to 
achieve the optimum city size 

Whether intervention is required to not, the actual situation may be less serious 
than the model suggests.  Historical development has provided us with a hierarchy of 
cities rather than a single type.  Cities produce different sets of commodities, and 
bigger cities produce more commodities than smaller ones.  A new city at a certain 
level of the hierarchy can be created by adding firms producing new commodities to an 
existing city at a lower level of the hierarchy.  This does not require a very large 
population shift. 

The above special institutional arrangement which allows cities to collect land 
rent and distribute the revenue among city residents is not usually possible in a private 
ownership economy.  In a private ownership economy, migrational decisions are not 
affected by the land rent households can earn, though they are certainly affected by the 
level of the rent they must pay.  One reason is that households may be able to invest in 
houses in cities where they do not live.  Another is that even if all houses are 
owner-occupied, households must pay the discounted value of future rent when they 
move to a city.  The benefit of future high rent, which might attract households to a 
city, is thereby neutralized by the purchase cost of the house.  Thus the usual private 
ownership economy is closer to the case of 0=cs  and the city size which maximizes 
the utility level among market equilibria is different from the direct optimum. 

It is not clear in a general case whether this city size is bigger or smaller than the 
optimum city size.  If there is no rural sector, it is obvious that this city size coincides 
with the optimum.  Divergence from the optimum is caused by the fact that the 
absence of the Pigouvian subsidy distorts the allocation of households between the 
urban and the rural sectors.  In the real world it seems likely that the population in the 
urban sector is too small, because the incentive to live in cities is weaker due to the lack 
of the Pigouvian subsidy.  However, the problem is more subtle than it appears, since 
it involves determining the number of cities.  It is not quite clear how the number of 
cities is affected by the distortion. 
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We have assumed that it is the population of a city that generates an external 
economy.  Obviously, this is not the only formulation.  For example, we can assume 
that the total product of a city induces the externality, as in Henderson (1974).  In that 
case, the Pigouvian subsidy should be given to firms as excise subsidy on their 
products.  With this change, the above analysis can be applied and the same 
conclusions are obtained. 

6.  Differences in City Sizes 

So far we have considered only cities which have the same allocation, both at the 
optimum and in market equilibrium.  This is clearly unrealistic.  Relaxing the 
simplifying assumptions of previous sections, we can obtain differences among cities. 

First, production functions may differ among cities because of differences in 
climate, factor endowment, and so on, or simply because technology does not diffuse 
instantaneously.  Since cities with technological advantage tend to attract more 
households than others, city sizes vary. 

This extension turns out to be fairly simple.  In the case of increasing returns to 
scale, internal to a firm, the only change is that we must distinguish cities notationally 
since they in general have different allocations.  The first order conditions (2.5a), 
(2.5b), (2.5f) and (2.5g) hold in all cities.  In particular, (2.5f) and (2.5g)  for the i-th 
city must read 
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Combining these equations, we have 
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Since all households must receive the same utility, the right side is equal for all cities.  
Hence, the value of the marginal product of labour minus the commuting costs at the 
edge of a city is the same for all cities: 

)()( jj
P

ii
P xtpFxtpF −=−               for any i, j.   (6.4) 

When the number of firms is optimized, the marginal firm will obtain zero profit 
(including the aggregate differential rent) and other firms will earn positive profits.5  
In exactly the same way as in the case of identical cities, it can be shown that, if firms 

                                                 
5 Here, it is implicitly assumed that there is no competitive bidding for the right to build a plant in a 
specific city. This is the reason why a firm located in an advantageous city earns excess profit.  The 
profit is caused by the Presence of some unpriced factors such as good climate, clean water, etc.  If these 
factors are competitively priced, all firms earn zero profit.  Even if there is no market for these factors, 
competitive bidding for the site of a plant drives down the profit to zero and the rent is captured by the 
owner of the site. 
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act as land developers, the market equilibrium attains the optimal allocation. 

We can analyze the Marshallian externality case in a similar way.  It is easy to 
see that the value of the marginal product of labour, plus the Pigouvian tax, minus the 
commuting costs at the edge of a city is equal for all cities; 

)()( jj
c

jii
c

i xtspfxtspf −+=−+ ll          for any i, j . 

The condition for the optimum number of cities is that the aggregate Pigouvian 
subsidy equals the aggregate differential rent in the marginal city.  However, the 
equality does not hold in inframarginal cities.  This causes a difference from the case 
of identical cities.  If all cities are identical, the aggregate Pigouvian subsidy must 
equal the aggregate differential rent in all cities.  This is the reason why we obtained 
the result that, if the differential rent is returned to city residents as an equal subsidy, the 
optimal allocation is one of market equilibria.  If cities are not identical, the result does 
not hold, since the optimum Pigouvian subsidy is not equal to the average differential 
rent in inframarginal cities.  Therefore, even the best allocation among market 
equilibria does not coincide with the optimal allocation. 

A second class of differences which can give rise to differing cities includes all 
the ways that household tastes and skills may vary.  An extended analysis, 
unfortunately, is so messy that we have reluctantly decided to spare our readers. 

Although it is certainly more realistic to include these factors, they alone cannot 
explain the differences we observe in modern economies.  The fact that cities produce 
differing bundles of commodities probably explains more of the variation in their sizes 
than, for example, consumer tastes. 

Consider the effect of introducing more than one urban good into the model with 
increasing returns to scale.  If the goods have different production functions, the cities 
will have different sizes. 

If we ask whether a city can produce more than one good in our model, we 
discover an important implication of the assumption that transporting goods costs 
nothing.  Commuting costs can be saved by separating firms producing different 
goods, without incurring any additional costs, so two-product cities will not occur. 

If transporting urban goods is costly, however, cities producing more than one 
good might well arise.  The saving on transporting wet concrete or bottled coke to 
demanders, for example, might justify the extra commuter costs that result from having 
a concrete plant and a bottling plant in each city. 

The cost of goods transport has a strong influence on city form as well as size, 
although the subject is outside the range of this chapter.  Even if two or more 
commodities are produced in a city, the firms will not necessarily all locate at the 
center.  Retail stores, for example, disperse throughout a city to reduce the 
transportation costs of shopping for consumers.  Moreover, there is no a priori reason 
to expect that a concrete plant and a bottling plant locate at the center.  They might 
locate at the edge of a city to take advantage of lower land costs, and form a 
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multi-centered city. 

There is another problem in multi-product cities caused specifically by the cost of 
goods transport.  There can be only one firm with the greatest returns to scale in a city.   
If there were two, and if we could ignore the fact that the numbers of firms in other 
industries must be integers,6 then we could split the city into two.  Production costs 
would not increase in any industry and commuting costs would decrease, and society be 
better off with two cities instead of one. 

Therefore, we have to introduce externalities in order to attain a more realistic 
system of cities.  The simplest way is to add another urban good to the framework in 
section 5.  If there are two urban goods, we obtain three types of cities: 

two producing only one good, and one producing both.  It is easy to see that the 
same results as those in section 5 can be obtained for each type of city. 

However, there is no guarantee that cities producing both goods are bigger than 
cities producing only one good.  For example, if externality works only through the 
total population of a city, cities producing two goods have no more benefit from 
becoming bigger than cities producing one good.  Therefore, we might want to assume 
that there is a special benefit which arises from having two industries together. 

Although introducing cross product externalities is attractive, and would give rise 
to more realistic system of cities in our model, the analysis is simply too difficult for the 
present work.  We do not, therefore attempt to build a model of a system of cities of 
this type here. 

Notes 

Until Alonso's work (1971), the analysis of city sizes had been limited to the cost 
side, and the city size which gave the minimum cost had been considered optimal.  
Alonso introduced the output side, regarding a city as an aggregate production unit.  
There are two types of optimum city size in this model.  For the residents the optimum 
size is that which maximizes the difference between the average product (AP) and the 
average cost (AC).  For a national government interested in maximizing total product 
under conditions of labour surplus, the optimum size is where the marginal product 
(MP) is equal to the marginal cost (MC).  If the supply of labour is limited, this 
condition should be modified.  MP may not equal MC although the difference between 
MP and MC must be the same for all cities.  Alonso pointed out that if individuals 
maximize the difference between AP and AC, per capita tax of MP-AP-(MC-AC) can 
result in the optimum city size. 

Although Alonso's work was a big step forward in constructing the economic 
theory of city sizes, his approach has the following shortcomings.  First, the analysis is 
partial in nature, since only one city is considered: if the city is placed in a general 

                                                 
6 For example, if there are two firms of the greatest degree of increasing returns and three firms of the 
second greatest degree of increasing returns, splitting this city into two may involve an extra social cost 
since a city cannot have one and a half firms. 
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equilibrium framework, we may face different problems.  Second, the welfare aspect 
of the analysis is not very clear, since utility functions for households are not 
introduced.  Third, the cause of increasing average product is not explicitly 
formulated.  It is not clear, therefore, how individual firms and households behave in a 
market economy: increasing returns to scale for a firm, and external economies among 
firms have very different implications on individual behaviour.  Fourth, the spatial 
aspect of cities is ignored. 

There have been several attempts to overcome these shortcomings.  Borukhov 
(1975) built a very simple model of an economy consisting of many cities.  He 
showed that Alonso's second condition for the optimum city size is correct if the 
number of cities is given: at the optimum the difference between MP and MC is equal 
for all cities, but MP exceeds MC by an amount which has been interpreted as the 
opportunity costs of siting the population in alternative cities.  If the number of cities 
is a variable, however, this condition is not sufficient to characterize the optimal 
solution.  Since Borukhov was worried about integerness of the number of cities, he 
could not obtain a transparent condition for the optimum number of cities.  
However, if one is willing to approximate the number of cities by a continuous 
variable, and to assume that all cities are the same (as done in this chapter), it is easy 
to see that at the optimum the difference between MP and MC is equal to the 
difference between AP and AC.  This means that the difference between AP and AC 
is maximized at the optimum number of cities.  Therefore, the optimum for the 
residents coincides with that for a national government. 

If the difference between MP (MC) and AP (AC) is caused by externalities, the 
Pigouvian tax/subsidy discussed by Alonso is necessary.  However, our result suggests 
that the net Pigouvian tax/subsidy is zero at the optimum number of cities.  
Unfortunately, this does not imply that the optimal allocation is automatically attained 
by market mechanism.  As seen in section 5, city sizes tend to be too big because of 
the difficulty in forming a coalition to create a new sufficiently large city. 

Henderson (1974) formulated a more sophisticated model with three industries.  
The first is the export industry, which faces a fixed export price.  The export industry 
is assumed to have increasing returns to scale.  The second is the housing industry, 
which is assumed to have constant returns to scale.  Finally, the third industry 
produces an intermediate good which is used as an input (called sites) to the above two 
industries.  This industry represents the spatial aspect of cities (for example, 
commuting costs) which works to discourage formation of big cities.  Instead of 
explicitly introducing spatial dimension, Henderson assumed that sites are produced 
with labour under decreasing returns to scale.  The optimum city size balances 
increasing returns to scale in the export industry, and decreasing returns to scale in the 
site industry. 

One of the most important findings by Henderson is that a market economy tends 
to overshoot the optimum city size because of difficulty of forming a coalition to create 
a big city.  Our argument in section 5 is based on his observation. 

Henderson (1977) extended this analysis to a spatial model and obtained 
(independently of our work) results similar to ours in the Marshallian externality case.  
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One of the major differences is that he worked with special functional forms of 
production functions and utility functions, whereas we assume general functional forms. 

Henderson (1974) and Tolley (1974) analyzed the size of a city, considering the 
rest of the economy as given.  Both focused on the effect of pollution taxation on the 
city size.  Henderson showed that, since pollution taxation increases the welfare of city 
residents, the city size rises with immigration from the rest of the economy.  In 
Tolley's model pollution taxation increases the city size if the externalities originate in 
production of nontraded goods, but might reduce the city size if the  externalities 
originate in export production. 

Serck-Hanssen, in a pioneering but little known work (1969), first obtained the 
condition for the optimal number of cities discussed in section 3.  Adopting a 
framework due to Losch, he considered firms supplying their products in a space over 
which consumers are homogeneously distributed.  Instead of assuming commuting 
costs, he assumed positive transportation costs for products.  His optimality condition 
is essentially the same as ours, although in his model there is a complication arising 
from the fact that the optimal market areas are not circular but hexagonal in a 
two-dimensional space. 

Mirrlees (1974), Dixit (1973), and Starret (1974) derived conditions for optimal 
city size in models of closed economies similar to ours.  All of them assumed 
increasing returns to scale in the urban industry, and obtained results equivalent to that 
in section 3: the excess of marginal over average productivity equals the average 
differential rent (minus a correction if environmental externalities are present as in 
Mirrlees' model).  Concentrating on optimal allocations, they did not analyze how the 
market city size is determined. 

Vickrey (1977), in a very simple model, derived the result that the aggregate land 
rent equals the loss of a firm at the optimum, and argued that competition among cities 
leads to an efficient allocation.  Although his analysis is not rigorous, it has the same 
spirit as our analysis of a system of cities formed by land-developer firms. 

Arnott and Stiglitz (1975) introduced a public good which is local to a city while 
assuming constant returns in the production sector.  In this case the optimum city size 
is characterized by the condition, à la Henry George, that the cost of the public good is 
equal to the total differential rent of a city.  They also derived the following interesting 
formula: if the commuting costs are given by a linear function of distance (in our 
notation txxt =)( ), the aggregate differential rent equals the aggregate transportation 
costs in a linear city (θ (x) = θ ), or one half of the aggregate transportation costs in a 
circular city ( )(xθ xπ2= ).  Arnott (1979) generalized these results to include 
congestion in transportation, economies of scale in production, and other matters. 

The central place theory originating from the seminal work of Christaller (1966) 
and Lösch (1954) has a close relationship with our discussion of a system of cities in 
section 6.  Assuming that demand is uniformly distributed over space, the theory 
considers the spatial pattern of suppliers of goods.  A hierarchical structure of central 
places is derived by superimposing the geographical networks of market areas for goods 
with different market sizes.  As pointed out by Eaton and Lipsey (1979) among others, 
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the economic foundations of the theory are incomplete in an important respect.  The 
crucial assumption to obtain a hierarchical structure is that the location of a firm 
producing a good with a large market area attracts producers of other goods with 
smaller market areas.  Under this assumption, there is a hierarchy of central places: the 
biggest having producers of all goods, the second biggest having producers of goods 
with smaller market areas, and so on.  However, there is no explicit analysis of the 
force that causes producers to group together in this way.  Eaton and Lipsey built a 
model in which multipurpose shopping offers an incentive  for the formation of central 
places.  Our discussion in section 6 attempts to indicate how a theory of central places 
might be based on the economic forces causing the agglomeration of different 
industries. 
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